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INTRODUCTION 

By a lacunary sequence  = (kr); r = 0, 1, 2, where k0 = 0, we 

shall mean an increasing sequence of non-negative integers 

with kr – kr – 1 → . The intervals determined by  will be 

denoted by Ir = (kr – 1, kr], and we let hr = kr – kr – 1. The ratio  

 

kr/kr – 1 will be denoted by qr.  = (k) and  = (k) be 

sequences of non-zero complex numbers. The space lacunary 

strongly convergent sequences N were defined by Freedman et 

al. [5] as follows: 
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The space N  is a BK-space with the norm   
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0
θN

 denotes the subset of those sequences in N  for which   = 0. (

0
θN

, ||. ||) is also a BK-space. There is a strong connection [5] 

between N  and the space ω  of strongly Cesáro summable sequences, which is defined by 
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In the special case where θ  = (2r), we have θN
 = ω .  

 

Recall [9]–[12] that an Orlicz function M is a continuous, convex, non-decreasing function defined for x   0 such that M(0) = 0 and 

M(x) > 0 for x > 0. Lindenstrauss and Tzafriri [12] used the idea of an Orlicz function to construct the sequence space  

 

m  = {x = (xk) : 
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The space M  with the norm 
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becomes a Banach space, which is called an Orlicz sequence space. Lindenstrauss and Tzafriri proved that every Orlicz sequence 

space M contains a subspace isomorphic to 
p

 for some p ≥ 1, thereby answering a general conjecture that every infinite-

dimensional Banach space contains a closed subspace isomorphic to c0 or some 
p

, positively for a class of spaces (see [11] and 

[18] for discussion of this and related conjectures). For M(x) = x2;  

For 1 < p < ∞, the spaces M coincide with the classical sequence spaces lp.  

Recently, Parashar and Choudhary [20] have introduced and examined some properties of four sequence spaces defined by using an 

Orlicz function M, which generalises the well-known Orlicz sequence space M  and strongly summable sequence spaces [C, 1, p], 

[C, 1, p]0 and [C, 1, p]  . It may be noted here that the spaces of strongly summable sequences were discussed by Maddox [14]. 

Nuray and Gülcü [19], Demirci [3] and others have also used an Orlicz function to construct some sequence spaces. 

In the present paper, we introduce a new concept of lacunary strong convergence with respect to an Orlicz function and examine 

some properties of the resulting spaces. We establish some elementary connections between lacunary strong convergence and 
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lacunary strong convergence with respect to an Orlicz function which satisfies the 2Δ -condition. It is shown that if a sequence is 

lacunary strongly convergent with respect to an Orlicz function, then it is lacunary statistically convergent. Also, lacunary strong 

convergence with respect to an Orlicz function is compared to other summability methods. 

We now introduce the generalisations of the spaces of lacunary strongly convergent sequences. 

 

Definition 1.1: Let M be an Orlicz function and p = (pk) be any sequence of strictly positive real numbers. We define the following 

sequence spaces.  
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We denote [ θN
, M, p], [ θN

, M, p]0 and [ θN
, M, p]∞ as [ θN

, M], [ θN
, M]0 and [ θN

, M]∞ when Pk = 1 for all k. If x  [ θN
, 

M] we say that x is lacunary strongly convergent with respect to the Orlicz function M. 

Some well-known spaces are obtained by specialising. θ , M and p. 

I. If M(x) = x, pk = 1 for all k, then [ θN
, M, p] = θN

, [ θN
, M, p]0 = 

0
θN

 (Freedman et al. [5]). 

II. If M(x) = x, θ  = (2r), then [ θN
, M, p] = [C, 1, p], [ θN

, M, p]0 = [C, 1, p]0,     [ θN
, M, p] ∞ = [C, 1, p]∞ 

(Maddox [14]). 

III. If M(x) = x, pk = 1 for all k, θ  = (2r) then [ θN
, M, p] = ω , [ θN

, M, p]0= 0ω , ]p,M,N[ θ  = ω

(Freedman et al. [5], Maddox [14], [15], [17]). 

IV. If θ  = (2r) then [ θN
, M, p] = W(M, p), [ θN

, M, p]0 = W0(M, p), ]p,M,N[ θ  = W
(M, p) (Parashar and 

Choudhary [20]). 

 

2. Linear topological structure of [Ne, M, p] spaces and inclusion theorems  

In this section, we examine some topological properties of [ θN
, M, p] spaces and investigate some inclusion relations between these 

spaces. 

Theorem 2.1: For any Orlicz function M and a bounded sequence p = (pk) of strictly positive real numbers, [ θN
, M, p], [ θN

, M, 

p]0 and ]p,M,N[ θ  are linear spaces over the set of complex numbers. 

 

Proof: We shall prove only for [ θN
, M, p]0. The others can be treated similarly. Let x, y[ θN

, M, p]0 and α , 
β  C. To  

Prove the result we need to find some 3ρ  > 0 such that rlim 1
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Since x, y  [ θN
, M, p]0, there exists a positive 1ρ  and 2ρ  such that 
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where C = max(1, 2H – 1), H = sup pk; so that α x + 
β

y  [ θN
, M, p]0. This proves that [ θN

, M, p]0 is linear.  

 

Theorem 2.2: For any Orlicz function M and a bounded sequence p = (pk) of strictly positive real numbers, [ θN
, M, p]0 is a 

topological linear space, totally paranormed by 
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where H = max (1, supk Pk).  

 

Proof: Clearly g(x) = g(–x). By using Theorem 2.1 for a α  = 
β

 = 1, we get g(x + y) ≤ g(x) + g(y). Since M(0) = 0, we get inf
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 = 0 for x = 0. Conversely, suppose g(x) = 0, then  

 

Inf





















































− 1
ρ

|xλ|
Mh:ρ

H1
kp

kk

rIk

1
r

Hrp

 = 0. 

This implies that for a given ε  > 0, there exists some ερ (0 < ερ  < ε ) such  that  
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which is a contradiction. Therefore, xm = 0 for each m. Finally, we prove that scalar multiplication is continuous. Let λ  be any 

complex number. By definition,  
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which converges to zero as x converges to zero in [ θN
, M, p]0.  

 

Now suppose nξ →0 and x is fixed in [ θN
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This implies that 
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is continuous at 0. So there is 1 > δ  > 0 such that |f(t)| < 
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x) →0 (
ξ →0).  

 

Definition 2.3 [10]: An Orlicz function M is said to satisfy 2Δ -condition for all values of u, if there exists a constant K > 0 such 

that M(2u)   KM(u), u ≥ 0.  

It is easy to see that always K > 2. The 2Δ -condition is equivalent to the satisfaction of inequality M(  u) ≤ K(  )M(u) for all 

values of u and for  > 1. 

 

Lemma 2.4: Let M be an Orlicz function that satisfies 2Δ -condition   and let 0 < δ  < 1. Then for each x   δ  we have M(x) < Kx

δ –1M (2) for some constant K > 0. 

Proof: Since M is non-decreasing and convex, and x < δ –1x < 1 + δ –1x for  x≥ δ , it follows that M(x) < M(1 + δ –1x) = M( 2

1

.2 + 2

1

.2 δ –1x) < 2

1

M(2) + 2

1

M(2 δ –1x). Since M satisfies 2Δ -condition, there is a constant K > 2 such that M(2 δ –1x) ≤       2

1

K δ –1x 

M(2), therefore M(x) < 2

1

K δ –1x M(2) + 2

1

K δ –1x M(2) = Kδ –1x M(2) and hence the lemma. 
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Theorem 2.5: For any Orlicz function M that satisfies 2Δ -condition, we have θN   [ θN
, M). 

Proof: Let x  θN
 so that  

Ar   
1

rh−



−

rIk
kkxλ 

→  0 as r →∞, for some  . 

 

Let ε  > 0 and choose δ  with 0 < δ  < 1 such that M(t) < ε  for 0 ≤ t ≤ δ . We can write  

1
rh−




−

rIk
kkxλ 

 = 

( )

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−

−
kk

δkx,rIk

1
r xλh

 + 
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−
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δkx,rIk

1
r xλh

< 
1
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(hr
ε ) + 

1
rh−

K
1δ−

M(2) 

hr Ar, by Lemma 2.4. Letting r → ∞, it follows that     x  [ θN
, M]. 

 

The method of the proof of Theorem 2.5 shows that, for any Orlicz function M that satisfies. 2Δ -condition, we have 

θN

   [ θN
, 

M]0 and 

θN  [ θN

, M]∞. 

 

Theorem 2.6: Let 0 < Pk qk and (qk/Pk) be bounded. Then [ θN
, M, q]   [ θN

, M, p]. 

Proof: Let x  [ θN
, M, q]. We write wk = 

( ) kq
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ρ
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M



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
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
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k

q

p

= kξ , so that 0 < 
ξ

 < kξ 1, with 
ξ

 constant. Now 

define uk = wk(wk ≥ 1), uk = 0(wk < 1), vk = 0(wk   1), vk = wk(wk < 1), so that wk = uk + vk, 

kλ
k

w
 = 

kλ
k

u
 + 

kλ
k

v
. It follows that 
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k

u
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k

v


λ
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v
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by Hölder's inequality  
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and hence x  [ θN
, M, p]. 
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3. Comparison with other summability methods  

In this section, lacunary strong convergence with respect to an Orlicz function is compared to lacunary statistical convergence and 

other summability methods. 

We first study the inclusions [w, M, p]   [ θN
, M, p] and [ θN

, M, p]   [w, M,p] under certain restrictions on θ  = (kr). 

Lemma 3.1 : Let θ  = (kr) be a lacunary sequence with lim infr qr > 1, then for any Orlicz function M, [w, M, p]   [ θN
, M, p], 

where 

[w, M, p] = 









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
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kpn

1k
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n
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

 

(we write [w, M, p] = [w, M, p]0 in the case when  = 0). 

 

Proof. It is sufficient to show that [w, M, p]0   [ θN
, M, p]0; the general inclusion follows by linearity. Suppose lim infr qr > 1, then 

there exists. δ  > 0 such that qr = 
( )1rr kk −  ≥ 1 + δ  for all r ≥ 1. Then for x  [w, M, p]0, we write 
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Since hr = kr – kr – 1, we have 
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Both converge to zero, and it follows that Ar converges to 0 as r →  , that is,            x[ θN
, M, p]0.  

 

Lemma 3.2 : Let θ  = (kr) be a lacunary sequence with lim supr qr < ∞, then for any Orlicz function M, [ θN
, M, p]   [w, M, p]. 

Proof: If lim supr qr < ∞, there exists B > 0 such that qr < B for all r   1. Let x[ θN
, M, p]0 and ε  > 0. There exists R > 0 such 

that for every j ≥ R  

Aj = 
1

rh−

kp

jIk
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

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




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







< ε . 

 

We can also find K > 0 such that Aj < K for all j = 1, 2, ... Now let me be any integer with kr – 1 < m < kr, where r > R. Then 
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Since kr – 1 → ∞ as m → ∞, it follows that  

1m−

kp
kk

m

1k
ρ

xλ
M 

















= → 0    and, consequently, x[w, M, p]0. 

 

The next result follows from Lemmas 3.1 and 3.2. 

 

Theorem 3.3: Let θ  = (kr) be a lacunary sequence with 1 < lim infr qr   lim supr qr < ∞. Then for any Orlicz function M, [w, M, p] 

= [ θN
, M, p]. 

The famous space ĉ of all almost convergent sequences was defined by Lorentz [13]. The space of a strongly almost convergent 

sequence [ ĉ ] was introduced by Maddox [16] and also independently by Freedman et. al. [5] as follows:  

 

[ ĉ ] = 

( )
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




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=−= 
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+=
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1pi

1

n
i

 

For any Orlicz function M and a bounded sequence p = (Pk) of strictly positive real numbers, we extend the space [ ĉ ] to [ ĉ , M, p] 

as defined below:  

[ĉ, M, p] = 
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Note that if we take M(x) = x and pk = 1 for all k, then [ĉ, M, p] = [ĉ]. 

 

Theorem 3.4: Let M be any Orlicz function and p = (pk) be any bounded sequence of strictly positive real numbers, then [ĉ, M, p]   

[ θN
, M, p] for every lacunary sequence θ . 

Proof: Let x  [ĉ, M, p] and ε  > 0. There exists a positive integer n0, a number  , and 
ρ

 > 0 such that n–1 
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+=
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1mk  
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

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< ε  for n > n0,            m = 0, 1, 2, .... Since θ  is lacunary, we can choose R > 0 such that r   R implies hr > n0 

and consequently, Ar   
1
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xλ
M 







 −

< ε . Thus x  [ θN
, M, p]. 

To show that [ θN
, M, p] strictly contains [ĉ, M, p], we proceed as in            [5, p. 513]. We define x = (xk) by xk = 1 if kr – 1 < k   kr 

+ 1 + 
]h[ r  for some r and xk = 0 otherwise. Then there are arbitrarily long strings of O’s in the coordinates      of x, as well as 

arbitrarily long strings of consecutive 1’s, from which it follows that x  [ĉ, M, p]. However, x  [ θN
, M]0 since 

1
rh−   rIk

kkxλ
 = 

1
rh− ]h[ r M(1) →0 as r →∞ where [ ] denotes the greatest integer function. 

We now introduce a natural relationship between lacunary strong convergence with respect to an Orlicz function and lacunary 

statistical convergence. The notion of statistical convergence was given in earlier works [1], [4], [7], [21]. Recently, Fridy and Orhan 

[8] introduced the concept of lacunary statistical convergence as follows: 

 

Definition 3.5 [8]: Let θ  be a lacunary sequence. Then a sequence x = (xk)  is said to be lacunary statistically convergent to a 

number.   If for every ε  > 0,       lim
1

rh− )ε(Kθ  = 0, where 
)ε(Kθ  = 

 εxλ:Ik kkr − 
 and 

)ε(Kθ  denotes 

cardinality of 
)ε(Kθ . The set of all lacunary statistically convergent sequences          is denoted by θS

. 

We now establish an inclusion relation between [ θN
, M] and θS

.  

Theorem 3.6: For any Orlicz function M, [ θN
, M]   θS

. 

 

Proof: Let x  [ θN
, M] and ε  > 0. Then 
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from which it follows that x  θS
.  
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