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The object of this paper is to introduce a new concept of lacunary strong convergence with
respect to an Orlicz function and examine some properties of the resulting sequence spaces.
We establish some elementary connections between lacunary strong convergence and lacunary
strong convergence with respect to an Orlicz function which satisfies Az-condition. It is also
shown that if a sequence is lacunary strongly convergent with respect to an Orlicz function,
then it is lacunary statistically convergent. In addition, lacunary strong convergence with
respect to an Orlicz function is compared to other summability methods.
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INTRODUCTION

By a lacunary sequence 0 = (k,); r = 0, 1, 2, where ko = 0, we ko/k: — 1 will be denoted by qr. A = (Ax) and [ = (L) be
shall mean an increasing sequence of non-negative integers sequences of non-zero complex numbers. The space lacunary
with k; — k; - | = 00. The intervals determined by 6 will be strongly convergent sequences Ng were defined by Freedman et

denoted by I: = (k: - 1, k], and we let h; = k; — k; — 1. The ratio al. [5] as follows:

x =(x1): lim hyl 3| axy —£|=0 for some /
No I—00 kEIr

The space Ny, is a BK-space with the norm

bt 3 agex
sup| T kZI] kXk |
€
o= T r
NO 0
0 denotes the subset of those sequences in N for which £ 0. ( 0 , |- [|0) is also a BK-space. There is a strong connection [5]
between N, and the space © of strongly Cesaro summable sequences, which is defined by

n
x =(xg): lim 071 Agexy —¢[=0 for some ¢
® _ n—oo k=1

In the special case where 0 _ (2"), we have Ne =0,

Recall [9]-[12] that an Orlicz function M is a continuous, convex, non-decreasing function defined for x 2 ( such that M(0) = 0 and
M(x) > 0 for x > 0. Lindenstrauss and Tzafriri [12] used the idea of an Orlicz function to construct the sequence space

S

fm - {x=(xx): k=1 P

< oo for some P> 0}.

The space KM with the norm

o0
p>0: ZM(M(AJ <1
I = inf kel P

becomes a Banach space, which is called an Orlicz sequence space. Lindenstrauss and Tzafriri proved that every Orlicz sequence
space M contains a subspace isomorphic to P for some p > 1, thereby answering a general conjecture that every infinite-

dimensional Banach space contains a closed subspace isomorphic to ¢co or some p , positively for a class of spaces (see [11] and
[18] for discussion of this and related conjectures). For M(x) = x2;

For 1 <p <o, the spaces M coincide with the classical sequence spaces Ip.

Recently, Parashar and Choudhary [20] have introduced and examined some properties of four sequence spaces defined by using an

Orlicz function M, which generalises the well-known Orlicz sequence space EM and strongly summable sequence spaces [C, 1, p],
[C, 1, p]o and [C, 1, p] 9. It may be noted here that the spaces of strongly summable sequences were discussed by Maddox [14].
Nuray and Giilcii [19], Demirci [3] and others have also used an Orlicz function to construct some sequence spaces.

In the present paper, we introduce a new concept of lacunary strong convergence with respect to an Orlicz function and examine
some properties of the resulting spaces. We establish some elementary connections between lacunary strong convergence and
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lacunary strong convergence with respect to an Orlicz function which satisfies the A2 -condition. It is shown that if a sequence is
lacunary strongly convergent with respect to an Orlicz function, then it is lacunary statistically convergent. Also, lacunary strong
convergence with respect to an Orlicz function is compared to other summability methods.

We now introduce the generalisations of the spaces of lacunary strongly convergent sequences.

Definition 1.1: Let M be an Orlicz function and p = (px) be any sequence of strictly positive real numbers. We define the following
sequence spaces.

[NG,M,p]: {X :(Xk):

Axk — ¢

o0
lim hy! M(
p

Pk
j =0 for some /, and p > O,
[0 kel

lim hy" >’ M(ﬁ =0 for somep > Oy,
=(xx): 77 kel P

/

,M,plo= {X

1 o0 }L X _pk
suph; Z M[ﬁj < oo for somep > 0.
. p
[NG,M, Plo= {X = (Xk)' r kel

We denote [N9 .M, pl, [Ne , M, plo and [N9 , M, pl» as [N9 .M, [N9 , M]o and [Ne , M],o when Py = 1 for all k. Ifx € [Ne,
M] we say that x is lacunary strongly convergent with respect to the Orlicz function M.

Some well-known spaces are obtained by specialising. 0 , M and p.

0
N
L. If M(x) = x, px = 1 for all k, then [Ne ,M, pl= Ne , [Ne ,M,plo= 6 (Freedman et al. [5]).
I M0 = x, 0 = @), then [0, M. p] = [C, 1 ph [0, M, plo = [C. L plos [0, M. p]2 = [C, L pl
(Maddox [14]).
Il M) =%, pe= 1 forall k, 8 = 2) then [0, M, p] = @, (N0 n, p=?0, INO-M:Plo _ 00
(Freedman et al. [5], Maddox [14], [15], [17]).
Iv. 1t 0 = (2 then [Ne .M, p] = WM, p), [Ne .M, plo = Wo(M, p), [No.M,plo _ Weg (M, p) (Parashar and
Choudhary [20]).
2. Linear topological structure of [Ne, M, p] spaces and inclusion theorems

In this section, we examine some topological properties of [ 0 , M, p] spaces and investigate some inclusion relations between these
spaces.

Np

Theorem 2.1: For any Orlicz function M and a bounded sequence p = (px) of strictly positive real numbers, [Ne , M, pl, [ , M,

[Ne 9 Ma p]OO

ploand are linear spaces over the set of complex numbers.

Proof: We shall prove only for [Ne , M, pJo. The others can be treated similarly. Let x, y €[ Ne ,M, ploand &, B € C.To

M Al Xk +BAKXK Pk
hol zkelr
r Oy —0

lim P3

Prove the result we need to find some P3 > ( such that

Since x,y € [Ne , M, plo, there exists a positive P1 and P2 such that
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1 | Mexk | Pk
hrrnhr E kel, {M(—ﬂ
=0

P1

and
limh=] ml vk | Pk
ImAy Zkel
r r P1 ~0

2|
Deﬁnep3=max( | |P1’

2
B |p 2 ). Since M is non-decreasing and convex,
<

Pk Pk
ho! {M(Ioﬁka +BHk YK Iﬂ ho! {M(W}kaﬂ L [ BrkyKk Iﬂ
kel P3 < kel P3 P3
-1 1 | Agxk | ey )X
hy' Y, M + M|
ker, 2Pk P1 P2
-1 | AgX | ey )X
h; M| LEXEK T | LK
B kel, P1 P2

-1 | A Xk | Pk -1 N Pk
Ch; M| [okTk ] Ch; Yijialedd
< kel P1 N kel L P2

= — (0 as r—oo,

<

where C = max(1, 2%~ "), H = sup py; so that ¥ x + B y € [Ng , M, plo. This proves that [Ne , M, plo is linear.

Theorem 2.2: For any Orlicz function M and a bounded sequence p = (px) of strictly positive real numbers, [Ne, M, plo is a
topological linear space, totally paranormed by

I/H

/H .| .- x| )X
ppr : hI' Z M| == Sl, r :1, 2, ceels
kel P

g(x) = inf
where H = max (1, supk Py).

Proof: Clearly g(x) = g(—x). By using Theorem 2.1 fora & = B _ 1, we get g(x +y) < gx) + g(y). Since M(0) = 0, we get inf

{ppr / H}
= 0 for x = 0. Conversely, suppose g(x) = 0, then

I/H
pPr/H il 3 {M(Ikaklﬂpk <1

kel p
Inf =0.

This implies that for a given € > 0, there exists some Pe (0< Pe & ) such that

428 © 2026 Naveen Kumar Srivastava. This is an open-access article distributed under the terms of the Creative Commons Attribution 4.0 International License
(CC BY NC ND).https://creativecommons.org/licenses/by/4.0/



https://creativecommons.org/licenses/by/4.0/

Ind. Jr. of Mod. Res. and Rev PEER-REVIEWED JOURNAL Volume 4 Issue 3 [Mar| Year 2026

/H
-1 | Mex | Pk
h; M| LkRk
kel Pe

I/H I/H

Pk Pk
hr—l {M(I McXk Iﬂ ho! {M(I McXk ﬂ
kel & kely Pe

<

Thus

<1.

| AmXm |

Suppose xm # 0 for some m € I.. Let € — 0, then ( & j — 9O It follows that

/H
-1 | Mexk | Pk
h; M| k2K
kel Pe

which is a contradiction. Therefore, xm = 0 for each m. Finally, we prove that scalar multiplication is continuous. Let A be any
complex number. By definition,

., ®

PK I/H
pr/H .| | MeXk | _
p | hy | M <l, r=12,..5
kel P
g( X) = inf
Then
Pk Ve
(rlsPr/H ht S {M(Mﬂ <1, r=1,2,..%
kel s
g(‘ix) =inf =r
S
where s = p/| §|. Since |Mpr <max(1, | 2| P Pr ), we have
PL I/H
sPr/H il {M(Mﬂ <1, r=1,2,...
/H kel 5
g(&x) < (maX(L g PP )) inf o

. . N
which converges to zero as x converges to zero in [ 0 » M, plo.
Now suppose °11 =70 and x is fixed in [ , M, plo. For arbitrary © >0, let N be a positive integer such that

Pk
ho! {M(I McXk Iﬂ
kel; P

H
< (8/2) for some P>y and all r > N.
This implies that
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I/H

p
hol {M(I McXk Iﬂ k
kel P g/2

< for some p >(0and all r > N.

Let0< Sl < 1, using convexity of M, for r > N, we get

bl {M(I&%kxmﬂpk ol DMM(Iékaklﬂpk
kel p . kel P - (8/2)H.

Since M is continuous everywhere in [0, @), then forr <N,

Pk
bl [M(I mAX IH
kel p

f=
is continuous at 0. So there is 1 > 6 > 0 such that |f(t)| < (S/Z)H for0<t< o . Let K be such that. |xn| <0 for n > K, then for n >
Kandr<N,
Pk I/H
p
Thus
Pk /H
kel p _g

for n> K and all r, so that g(é’;x) =0 (é; _)O).

Definition 2.3 [10]: An Orlicz function M is said to satisfy A2 -condition for all values of u, if there exists a constant K > 0 such
that M(2u) < KM(u), u> 0.

It is easy to see that always K > 2. The A2 -condition is equivalent to the satisfaction of inequality M(z u) < K(f M(u) for all

values of u and for L > 1.

Lemma 2.4: Let M be an Orlicz function that satisfies A2 -condition and let 0 < S < 1. Then for each x = 5 we have M(x) < Kx
-1 (2) for some constant K > 0.

1 1
Proof: Since M is non-decreasing and convex, and x < 5 Ix<1+ 5 “Ix for x> S , it follows that M(x) < M(1 + 5 “1x) = M( 2 2+ 2
1 1 1
2 6*lx) <2 M(2) + 2 M(2 6’lx). Since M satisfies Ay -condition, there is a constant K > 2 such that M(2 6 “x) < 2 g 61y

1 1

M(2), therefore M(x) < 2 K 9-1x M(2) + 2 K 9-1x M(2) = K ® ~'x M(2) and hence the lemma.
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Theorem 2.5: For any Orlicz function M that satisfies A2 -condition, we have Ng = [N9 , M).

ZP‘ka —€|

kel

Proof: Letx € No so that

1

A = hl’ — 0as r_)oo, for some ﬁ.

Let € >0 and choose 5 with 0 < 0 < 1 such that M(t) < € for 0 <t< o . We can write

Shxic-4 het > (aexk-4) byt Y (axk 1)

hr_l kel _ kely, [xx—(|>8 kely, [xk—£|>8 _h 1

- -1
r (hr8)+ hr

N K& M(2)

h; A, by Lemma 2.4. Letting r — oo, it follows that x € [Ne , M.

0
The method of the proof of Theorem 2.5 shows that, for any Orlicz function M that satisfies. A2 -condition, we have Ng < [Ne

>

Q0
M]o and No g[Ne , M.

Theorem 2.6: Let 0 < P, <qi and (qu/Py) be bounded. Then [N9 M, q] S [N9 .M, pl.
qk
@&&;@J Pi

M
Np .
Proof: Letx € [* Y, M, q]. We write wi =

p , dk - 2:ak ,sothat 0 < Z‘, < %k < 1, with (t’ constant. Now
Ao M Ak
> Wi W% 4 Yk
define ux = wi(wy > 1), ux = 0(wk < 1), vik = 0(wx = 1), vk = wi(wi < 1), so that wx = ux + Vi, = + . It follows that

Lo

A A A _
k Sk k _noli, v

-1
u \% Vv W
k < <wi and k < 'K Therefore hr kelp Wi

DI N

Now, for eachr,

kel _ kel
e e
s [ 2 b
< \kely kel
by Holder's inequality
g
he' > vi
_ kel,
and so,
Sk
— - -1
hy! Zwik he! Ywi [hr Dovk
kEIr < kEIr + kEIr

and hence x € [Ne .M, pl.
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3. Comparison with other summability methods
In this section, lacunary strong convergence with respect to an Orlicz function is compared to lacunary statistical convergence and
other summability methods.

We first study the inclusions [w, M, p] & [Ne, M, p] and [Ne , M, p] € [w, M,p] under certain restrictions on b _ (kr).

Lemma 3.1 : Let . (k) be a lacunary sequence with lim inf; g, > 1, then for any Orlicz function M, [w, M, p] & [Ne , M, pl,
where

Pk

a A —/

X =(xg): lim lz M w =0 for some/, andp >0
n—)ool’lkzl P

[W7 M’p]:

(we write [w, M, p] = [w, M, p]o in the case when L 0).

Proof. It is sufficient to show that [w, M, plo & [N9 , M, plo; the general inclusion follows by linearity. Suppose lim inf; g, > 1, then

there exists. 9 > 0 such that q, = (kr/kr_l) >1+ 9 for allt> 1. Then for x € [w, M, p]o, we write

hy M| 2k2k
kel p
pk kr—l pk
k=1 p k=l p

ky Pk | Pk
1

_ hy k= P by k=1 P
Since h; = k; — k;_ 1, we have
kr 148 ke1 1
hr < 9 and hr <9 .
The terms
ky Pk ky—1 Pk
-1 McXk -1 M XKk
k=1 p and k=1 p
Both converge to zero, and it follows that A, converges to 0 asr — 9, that is, x € [Ne , M, plo.

Lemma 3.2 : Let 0 (kr) be a lacunary sequence with lim supr g < oo, then for any Orlicz function M, [Ne .M, p] & [w, M, p].

Proof: If lim sup; qr < oo, there exists B > 0 such that q; <B for all r 2 1. Letx € [ Ne .M, ploand € > 0. There exists R > 0 such

that for every j > R
Pk
-1 : p
A h; keIJ

j = <

We can also find K > 0 such that A; <K for all j=1, 2, ... Now let me be any integer with k, | <m <k;, where r > R. Then
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i {M Mﬂpk ) k;h:Z; {M{xkxk ﬂpk

m™! k=1 P P
Pk Pk Pk
_ kr_—l kel P /] kelp p kel p

ALX Pk ALx Pk
ki | Z M( k kj ko —kq Z M( k kj
ki1 k. kely p ke ) kely p N

= 1 I (k!
o VPK
kR_kR—l Z {M(ﬁj}
p
L ke (ke — ks — )" kelR N
o VPK
—_—
p
. ke (ke 1) kel;
kg ky —kj kR —kr_1 kp41 kR kr =k
_ ke A+ kp Art ... + kp Ar + kpp Ar:i ... ki A

sup Aj | KR | sup Aj|ke—kp
< =1 kep ,\U2R kg

kRr

<Kkr—1 + €B,

Since k;_ 1 — o0 as m — o, it follows that

LGl

The next result follows from Lemmas 3.1 and 3.2.

— 0 and, consequently, x €[w, M, plo.

Theorem 3.3: Let - (k:) be a lacunary sequence with 1 < lim inf; g, < lim sup: gr < 0. Then for any Orlicz function M, [w, M, p]

~(NO_

The famous space ¢ of all almost convergent sequences was defined by Lorentz [13]. The space of a strongly almost convergent

sequence [ € ] was introduced by Maddox [16] and also independently by Freedman et. al. [5] as follows:

p+tn
x=(xj): lim n! D" [Aixj =4 = 0 uniformlyin p, for some ¢
N30 i=p+1

(&=

For any Orlicz function M and a bounded sequence p = (Pk) of strictly positive real numbers, we extend the space [€]to [€, M, p]
as defined below:
[6, M, p] =
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x=(xi): lim

min {M |7»ka —f|
D=0k —m+1

Pk
} = 0 uniformly in m for some ¢, and p >0
p

Note that if we take M(x) = x and px = 1 for all k, then [¢, M, p] = [¢].

Theorem 3.4: Let M be any Orlicz function and p = (px) be any bounded sequence of strictly positive real numbers, then [¢, M, p] &

[Ne , M, p] for every lacunary sequence 0 .

m+n

2

Proof: Let x € [¢, M, p] and € > (. There exists a positive integer ng, a number l , and P 0 such that n-! k=m+1

Pk

|:M PVka —fq

P < € forn>ny, m=0,1,2, ... Since 0 is lacunary, we can choose R > 0 such that r =R implies h; > nog

Pk
Z {M Mxk —fq
-1
and consequently, A, = hr kely P <€ Thusx € [Ne , M, p].

To show that [Ne , M, p] strictly contains [¢, M, p], we proceed as in [5, p. 513]. We define x = (xx) by xk = 1 if kr -1 <k <k

vh : N . : .
+1 T [ r] for some r and xx = 0 otherwise. Then there are arbitrarily long strings of O’s in the coordinates of x, as well as

ho! 2kel,

arbitrarily long strings of consecutive 1’s, from which it follows that x & [¢, M, p]. However, x € [N6 , M] since

-1
|7\,ka| = hr [\/h_r] M(1) 0 asr o where [ ] denotes the greatest integer function.
We now introduce a natural relationship between lacunary strong convergence with respect to an Orlicz function and lacunary
statistical convergence. The notion of statistical convergence was given in earlier works [1], [4], [7], [21]. Recently, Fridy and Orhan
[8] introduced the concept of lacunary statistical convergence as follows:

Definition 3.5 [8]: Let 0 be a lacunary sequence. Then a sequence x = (xx) is said to be lacunary statistically convergent to a

number. l If for every € >0, lim thl |Ke (8)| = 0, where Ke (8) = {k < Ir :PLka _£| > 8} and |Ke (8)| denotes
cardinality of Ko (€) . The set of all lacunary statistically convergent sequences is denoted by SO .
We now establish an inclusion relation between [Ne , M] and S@ .
Theorem 3.6: For any Orlicz function M, [Ne ,M] € Sg .
Proof: Let x € [Ne ,M] and € > 0. Then
ol 2k M |7‘kX:)< _4] hil kel xzx: —(] >¢ M@Kka B
r r >y r>/AkXk P
M(e/p)
_ byl [Ke(e)

from which it follows that x € So .
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