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1. INTRODUCTION

Percentile score is a measure of one’s performance relative to the
rest of the candidates who have taken a certain examination.
Percentile scores are also calculated to evaluate journals, books,
research papers and researchers, in various ways, to obtain
relative measures of performance [1-4]. The merit of a
publication can be judged by finding the percentage of
publications (in the same field) which have received equal and
less number of citations. Apart from the marks scored in an
examination, one often needs to know the percentile score to find
his/her chance to get admission to different institutions. There
should be a mathematical way to determine the percentile score
when one already knows the marks obtained by an examinee. In
a study carried out in 2023, a function was mathematically
derived (based on probabilistic considerations), using which the
percentile score of an examinee can be calculated from marks
obtained in an examination [5].

In the present study, we have attempted to find a much simpler
way to analyze marks vs. percentile data with the help of an
empirical function. Apart from calculating the percentile score,
it might often be necessary for a candidate to estimate the chance
of scoring marks beyond a certain percentage of the full marks
for an examination. It can be done only if there is a function
available to them, using which, one can calculate the probability
of scoring any marks. To formulate a function of that kind we
have used a set of marks vs. percentile data. Based on the
behavior of how the percentile score increases with marks, we
have proposed here an empirical formula which is meant to serve
as an expression for the percentile score as a function of marks.
For this formula to work properly in a particular year, the

constant parameters of the formula have to be determined using
a reasonably large dataset of marks-versus-percentile data from
the previous year. We have used a small hypothetical dataset of
marks-versus-percentile data, constructed by considering the
general trend seen in publicly available information related to
JEE (Main) preparation and examination analysis [6-8]. We have
determined the parameter values required for a best fit of our
empirical formula to the dataset. Based on this formula, a
function f(m) has been derived, which is the probability of
obtaining m marks in the examination. The values of f(m) as a
function of m has given us the most probable marks (m) and the
corresponding probability. Using f(m), one can estimate the
probability of getting marks equal to or greater than a certain
value of m. A useful check is that the sum of f(m), over all
possible values of m, has come out to be very close to unity,
supporting its interpretation as a probability distribution,
although we have used a small dataset to formulate this function.
We have shown how the expectation value and standard
deviation can be calculated from marks vs. percentile data. The
method of data analysis is very simple and it can be used to make
predictions with sufficient accuracy if one uses a large volume
of data corresponding to previous years’ results of the
examination.

2. METHODOLOGY

Let us assume that there exists a function P(m) representing the
percentile score of a candidate who has scored m marks in an
examination. The definition of percentile score is as follows [5].

number of candidates with marks < m

P(m) =

x 100 €9)]

total number of candidates

Let f(m) be the fraction of examinees who have scored m marks each. This fraction can be expressed as,

number of candidates with marks = m

= 2
fm) total number of candidates @
Based on the definition of P(m), represented by equation (1), f(m) can be expressed as,
P(m) — P(m — pB)
fom) = ———- 3

In writing equation (3), we have assumed that the variable m
changes in steps of 8. Thus, (m — f8) is the possible score just
below m. Equation (3) cannot be the definition of f (m) when m
is the lowest score obtainable in the examination. In that case,
we have, f(m) = P(m)/100, which is valid according to
equations (1) and (2). If the number of candidates taking the
examination is sufficiently large, the fraction of candidates, each
having m marks, can approximately be regarded as the
probability of scoring that marks in the examination. In the
present study, we have used the function f(m) as the probability
that an examinee scores m marks.

The probability of obtaining marks between any two values of
m, such as q and r (i.e.,q < m < r), can be expressed as [9-12],

P@a.r) = ) fm) @

m=q

Let g(m) be the probability that a candidate scores marks = m
in the examination. It can be expressed as [9-12],
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Mmax

gm = ) fG) 5)

In equation (5), M;q, is the highest marks obtainable in the
examination.

The expectation value of marks, denoted by m,, here, is
expressed as [9-12],

Mmax

M= Y mfm) 6)

Mm=Mmin

In equation (6), m,,;, stands for the lowest marks obtainable in
the examination where m,,,;, = |—c| + 1.

The standard deviation of marks, denoted here by my,, is given
by [9-12],

Mmax 2

ma=| D m-mu? fm| ()

Mm=Mmin

A simpler formula for my, is given below [9-12].

Mmax 2

> mr e |- me?| ®

M=Mmin

Mgq =

3. ANALYSIS OF DATA

For the present study, a hypothetical set of marks-versus-
percentile data has been considered. The data have been
constructed by considering the general trend seen in marks-
versus-percentile information available from sources related to
JEE (Main) preparation and examination analysis [6-8]. The data
are not intended to represent the actual results of any particular
examination. They are used only to demonstrate the proposed
method. Table 1 contains the hypothetical dataset used in the
analysis.

Table 1. Hypothetical marks-versus-percentile data

Marks Percentile Marks Percentile
83 80.15 157 96.58
95 84.85 166 97.12
114 90.21 171 97.33
119 91.26 184 98.21
123 92.01 190 98.74
130 93.34 213 99.08
135 93.53 230 99.42
144 95.03 245 99.72
147 95.25 255 99.74
154 96.16 264 99.97

According to this table, the percentile score increases by about
13.19 for an increase in marks from 83 to 130. For a comparable
increase in marks, from 130 to 184, the percentile score increases
by about 4.87. Thus, the percentile score increases rapidly at
lower marks but more slowly at higher marks. Based on this
behaviour, we have assumed the following empirical expression
to represent the percentile score P(m) as a function of marks m.

P(m) = A[1 — Exp{—b(m +)}]"* (9)

For the present hypothetical dataset, the marks are considered to
change in steps of 1. Therefore, the value of the parameter f in
Eq.(3)is 1.

The value of P (1) should be positive and it should be increasing
with marks (m), as per equation (1). Due to negative marking,
the lowest value of P(m) (i.e., zero) should correspond to a
negative value of marks (m). For these conditions to be satisfied,
we must have 4, b, c,n > 0, in equation (9).

Since the maximum marks considered in the present hypothetical
dataset is 300, equation (9) must yield P(m) = 100, the highest
percentile score, for m = 300. This fact leads to the following
value for the constant parameter A in equation (9).

4 100 10
" [1— Exp{=b(300 + c)}]" (10)

As per equation (9), P(m) =0 for m = —c. Since m is an
integer-valued variable changing in steps of 1, the lowest
possible value of m satisfying m > —c is m;,;, = |—c| + 1. For
the present analysis, ¢ = 43.0640, giving m,,;;, = —43. Thus,
the values of m considered in the analysis lie in the range —43 <
m < 300.

The constant parameter b in equation (9) determines how rapidly
P(m) approaches its maximum value (i.e., 100, the highest
percentile score) as m increases. It has been observed that, as the
difficulty level rises, one gets a greater percentile score for the
same marks secured in the examination. This is due to a fall in
the number of candidates scoring higher marks. The value of
P(m), for a certain m, decreases as the parameter n increases.
Thus, both b & n need to be changed, as the difficulty level
changes.
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Using equation (10) in equation (9), one gets,

[1 — Exp{—b(m + c)}]"

P(m) = 100

[1 — Exp{—b(300 + c)}]|"

(11)

The empirical expression in equation (11) is considered for m > —c; form < —c, P(m) = 0.

Using equation (11) in equation (3), we can write,

[1 - Exp{—b(m+ c)}]" — [1 — Exp{—b(m — 1+ c)}]"

f(m) =

[1 — Exp{—b(300 + )}

(12)

For the present analysis, f(m) is treated as the probability of obtaining m marks, as described in the methodology. Here, m can be
treated as a discrete random variable, with values in the range: —43 < m < 300.

Using equation (12) in equation (4), we get the following expression for P(q, 1),

-
1 —Exp{—b(m + c)}]* — [1 — Exp{—b(m — 1+ c)}]"
P(g,r) = Z [ p{=b( M =1 p{=hb( )} (13)
[1 — Exp{—b(300 + c)}]"*
m=q
Using equation (12) in equation (5), we get the following expression for g(m),
300
(m) = Z [1 —Exp{—-b(x+)}"—[1—Exp{—-b(x—14+)}]" (14)
gim) = [1— Exp{—b(300 + O)}J"
xX=m
Using equation (12) in equation (6), we get the following expression for m,,,
300
B Z [1 — Exp{—b(m + c)}]" — [1 — Exp{—-b(m — 1+ c)}]" (15)
Mex = [1— Exp{—=b(300 + c)}]"
Mm=Mmin
Using equations (12) and (15) in equation (8), one gets the following expression for mg,,
300 '
Z , [1=Exp{=b(m + c)}]" — [1 — Exp{—-b(m — 1 + c)}]" _
m [1— Exp{—b(300 + o)}J"
M=Mmin
Msq = 300 2 (16)
Z [1 = Exp{—b(m+ c)}]" — [1 — Exp{—b(m — 1+ c)}]"
m [1 — Exp{—b(300 + o)}
L \M=Mmnmin

4. RESULTS AND DISCUSSION

Fitting equation (11) to the hypothetical marks-versus-percentile
data in Table 1 gives b = 0.0236246, ¢ = 43.0640, and n =
4.25168. The coefficient of determination is R? = 0.999165.
Thus, the empirical function gives a very good fit to the 20 data
points used in the present study.

Using these values of b, ¢, and n, equation (10) gives 4 =
100.129. According to equation (9), P(m) =0 form = —c =
—43.0640. Therefore, since m changes in steps of 1, the lowest
value of m considered in the analysis is m = —43, and the range
of marks used in the analysis is —43 < m < 300.

Figure 1 shows the fitted percentile function together with the
data points in Table 1. The curve follows the data closely over
the range covered by the table.

Figure 2 shows the same function over the complete range of
marks used in the analysis. The percentile score increases with
marks and approaches 100 as the marks approach 300.

Figure 3 shows the probability f (m) of obtaining m marks. The
probability reaches its maximum at m = 19. Thus, according to
the proposed model, 19 marks is the most probable score, and
the corresponding probability is approximately 0.00989
(0.989%).
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Figure 4 shows that the probability of obtaining at least m marks
decreases as m increases. The decrease becomes particularly
rapid at high marks, especially beyond about m = 250. This
means that, according to the model, the probability of obtaining
very high marks is relatively small.

Using equation (13), the probability of obtaining marks from 100
to 200, including both 100 and 200, is P(100,200) =
0.126654. Thus, according to the proposed model, about
12.67% of the examinees are expected to score between 100 and
200 marks.

100.0F

Percentile score, P(m)

—— Best-fit Pim) |}
o Table-1 data |]

150 175 200 225 250
Marks, m

100 125

Percentile score, P(m)

Figure 1. Percentile score P(m) versus marks m. The circles show
the data points in Table 1, and the blue curve shows the best fit
obtained using equation (11).

100F
80
60
40¢1
20+

0 0 50 100 150 200 250 300

Marks, m
Figure 2. Percentile score P(m) versus marks m over the complete
range of marks (—43 < m < 300) used in the analysis, using the fitted
parameter values.

Using equations (15) and (16), the mean marks and standard
deviation are 47.54 and 49.61, respectively. The mean is higher
than the most probable value of 19 marks. This difference occurs
because the probability distribution is not symmetric and extends
towards higher marks.

The sum of f (m) over the complete range of marks is 1.000000,
confirming that the calculated probability distribution is
normalized. Thus, the function provides a normalized
probability distribution over the range of marks considered in the
analysis.

The mean marks, standard deviation and most probable marks
provide useful measures of the overall marks distribution. These
measures may be used together as indicators of the preparation
level of the group represented by the hypothetical dataset.

Equations (11) to (16) can also be used to make estimates for
other examinations. The accuracy of these estimates depends on
the values of the parameters b, ¢, and n. These parameters should
be determined from a sufficiently large set of marks-versus-
percentile data from previous years.

The coefficient of variation (CV), defined as the ratio of the
standard deviation to the mean, provides a measure of the spread
of the marks relative to the mean.

For the hypothetical dataset, the mean marks are 47.54 and the
standard deviation is 49.61. Therefore, CV = 104.35%. This
relatively large value indicates that the marks are widely spread
relative to the mean.
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Figure 3. Probability f(m) of obtaining m marks. The maximum
occurs at m = 19, with f(19) = 0.00989. The vertical axis has a
logarithmic scale.

Figure 4. Cumulative probability g(m) = P(M = m) as a function of marks
m, showing the probability of obtaining marks greater than or equal to m.

The results obtained in this study are based on the hypothetical
marks-versus-percentile data used for the analysis. Only 20 data
points were available for fitting the empirical function.
Therefore, the values of the most probable marks, mean marks,
standard deviation and calculated probabilities may change if a
larger and more complete dataset is used. The present results
demonstrate the use of the proposed method and should not be
taken as an exact description of the marks distribution of any
particular examination.

5. CONCLUDING REMARKS

In the present study, we have formulated a new method to
determine the average preparation level of a group, based on
marks-versus-percentile data. The accuracy of this determination
depends upon the volume of data used for this purpose. The
present study uses a hypothetical dataset to demonstrate the
method. The same analysis can be carried out using a sufficiently
large dataset from an actual examination, presumably with
greater accuracy. A candidate, who has somehow calculated the
marks to be obtained, can estimate the percentile score using the
expression for P(m), if the values of the parameters b, c and n
have already been determined based on a sufficiently large
volume of data obtained from previous years’ results. The
empirical expression for P(m), chosen for the present study
(eqn. 9), can be replaced by a new function. One can do the entire
analysis using that function and compare the findings with those
of the present study.
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